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Abstract

An analytical model is provided for the piezoresistive phenomenon of continuous carbon fiber polymer—-matrix composite under flex-
ure. This phenomenon allows strain sensing and entails reversible increase of the tension surface resistance and reversible decrease of the
compression surface resistance during flexure. The model considers the surface resistance change to be due to change in the degree of
current penetration. The longitudinal strain resulting from the flexure affects the through-thickness resistivity (which relates to the con-
tact resistivity of the interlaminar interface). Good agreement is found between the model and prior experimental results, except that the
calculated surface resistance on the tension side is higher than the measured value, when the magnitude of the average longitudinal strain

on the surface exceeds 3 x 1072,
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

Polymer-matrix composites with continuous carbon
fiber reinforcement are the dominant advanced lightweight
structural materials, due to their combination of high
strength, high modulus of elasticity and low density. Their
extent of usage in aircraft structural components has been
increasingly significantly in recent years. Usage in automo-
bile structural components has started. In addition, these
composites are used in a large variety of sporting goods.

Vibration reduction is needed for most structures, due to
the resulting improvement in performance, control and
safety. Associated with vibration reduction is the sensing
of vibration, which relates to the sensing of strain. In the
elastic regime, stress and strain are proportional to one
another. Thus, strain sensing relates to stress sensing,
which in turn relates to load monitoring. The monitoring
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of the load is valuable for operation control. Moreover,
the monitoring of the load history is useful for determining
the cause of damage of a structure.

The sensing of strain is conventionally attained by the
use of attached or embedded strain sensors, such as metal
films that change in dimensions, and hence, in electrical
resistance in response to strain. Strain sensing can also be
attained by the use of embedded fiber-optic sensors. These
methods suffer from the cost and low durability of the sen-
sors. In the case of embedded sensors, additional problems
relate to the low maintainability and the possible decrease
in the mechanical performance due to the presence of the
embedded sensors.

An emerging and attractive method of strain sensing
involves using the structural material itself as the sensor
[1,2]. This means that there is no attached or embedded
sensor. This method is known as self-sensing and is attrac-
tive because of its low cost, high durability, large sensing
volume and absence of mechanical property loss. The abil-
ity of structural materials to sense their own strain has been
reported in carbon fiber (continuous) polymer—matrix com-
posites [3,4] and in carbon fiber (discontinuous) cement—
matrix composites [5-7]. The self-sensing ability in these
composites is based on piezoresistivity, which is the
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phenomenon in which the electrical resistivity of the mate-
rial changes reversibly with strain. In contrast, the
metal film strain gages are not based on piezoresistivity,
since the resistivity of the metal does not change with
strain. The fact that the resistivity changes with strain
enhances the effect of strain on the electrical resistance,
thereby resulting in high sensitivity.

A figure of merit for sensors that are based on changes
in the electrical resistance is the gage factor, which is
defined as the fractional change in resistance per unit
strain. When the resistivity does not change with strain,
the gage factor is around two; the exact value depends on
the Poisson ratio. For example, a carbon—-matrix composite
with continuous carbon fibers has a gage factor of two [8].
When the resistivity changes with strain, the gage factor
can be higher than two by one or two orders of magnitude.
In the case of epoxy—matrix composites with continuous
carbon fibers, the gage factor is as high as 49 [9]. The high
value of the gage factor for the epoxy-matrix composite is
due to the large difference in electrical resistivity between
the carbon fiber and the polymer matrix and the conse-
quent large effect of strain-induced microstructural changes
on the electrical resistivity of the composite. An example of
a microstructural change is the change in the extent of
fiber—fiber contact across the interlaminar interface, i.e.,
the interface between adjacent laminae in the composite.
Upon application of a compressive stress in the direction
perpendicular to the laminae, the extent of fiber—fiber con-
tact across the interlaminar interface of a carbon fiber
epoxy—matrix composite increases, thereby causing
decrease in the contact electrical resistivity associated with
the interlaminar interface [10]. This contact resistivity is
never infinity, due to the presence of fiber—fiber contacts,
which are due to the fiber waviness and the imperfect cov-
erage of the fibers by the epoxy resin during composite fab-
rication. In a carbon—carbon composite, the carbon fiber
and carbon matrix are similar in resistivity, so strain-
induced microstructural changes have relatively little effect
on the electrical resistivity of the composite and the gage
factor is low [8].

Flexure is a common manner of loading of structures,
particularly composite panels. It is more commonly
encountered in composite structures than uniaxial tension
or uniaxial compression. For example, a bird hitting a wing
of an aircraft results in flexural loading. Under flexure, one
side is under tension, while the opposite side is under com-
pression. For an epoxy-matrix composite with continuous
carbon fibers in the quasi-isotropic lay-up configuration,
the DC electrical resistance of the tension surface increases
reversibly upon flexure, while that of the compression sur-
face decreases reversibly [11]. The surface resistance is to be
distinguished from the volume resistance. The surface resis-
tance is measured using electrical contacts that are all on
the same surface (the same side) of the specimen. The pen-
etration of the surface current into the interior is limited,
because the fibers are in the plane of the laminate and
the resistivity of the composite is much higher in the

through-thickness direction than the longitudinal direction.
On the other hand, the volume resistance is measured using
electrical contacts that are designed to provide current pen-
etration throughout the entire cross-section of the speci-
men. The relatively large change in the surface resistance
during flexure is attributed to the decrease in the degree
of current penetration at the tension side upon flexure
and the increase in the degree of current penetration at
the compression side upon flexure [11]. That the current
penetration decreases at the tension surface is consistent
with the report that the through-thickness resistivity
increases during uniaxial tension [9,11,12]. During uniaxial
tension, the fractional change in the longitudinal volume
resistance is small compared to the fractional change in
the through-thickness resistance [11].

In spite of the detailed experimental results reported for
the piezoresistive behavior of a quasi-isotropic carbon fiber
epoxy-matrix composite under flexure [11], no model has
been presented to explain the behavior. The modeling that
has been reported previously is limited to a laminate theory
that is aimed at calculating the piezoresistive behavior in
various directions of the composite [13] and a finite element
model of the current flow in a unidirectional carbon fiber
composite [4].

Although damage sensing is important and the electrical
resistance can be used to indicate damage [14-22], this
paper addresses the effect of strain rather than the effect
of damage. The scientific origin of damage is quite different
from that of strain. Damage involves delamination and
fiber breakage that are irreversible. In contrast, strain
involves subtle microstructural changes that are reversible.
Models have been reported in prior work to relate the elec-
trical resistivity of continuous carbon fiber polymer—matrix
composites to the damage [3] and to the damage distribu-
tion [23,24].

This paper is aimed at providing an analytical model for
the piezoresistivity in continuous carbon fiber epoxy-—
matrix composite under flexure. The piezoresistivity is in
relation to strain rather than damage. The model allows
better understanding of the origin of the piezoresistivity.
In addition, it will be useful for calculation of the piezoresis-
tive effect for structures of various shapes, as encountered
in practical implementation of the strain self-sensing
technology.

2. Modeling the surface electrical resistance

The modeling of the electrical resistance is necessary for
modeling the piezoresistive behavior, since the resistance is
the quantity measured in the piezoresistivity experiment.
The utilization of the piezoresistivity under flexure involves
measurement of the surface resistance [11], which is mea-
sured by using electrical contacts that are on one surface
of a specimen; the surface is in the plane of the laminate.

As illustrated in Fig. 1, the specimen is under three-point
bending with a span of 80 mm [11]. Contacts A;, By, C;
and D, allow measurement of the top surface resistance
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Fig. 1. Schematic of the edge of a composite to illustrate the concept
behind the placement of electrical contacts. Ay, B, C;, and D, are
contacts on one surface; A,, B,, C, and D, are contacts on the opposite
surface. All the electrical contacts are strips of about 2 mm wide oriented
in the direction perpendicular to the length of the composite [11]. All
dimensions are in mm.

using the four-probe method; contacts A,, B,, C, and D,
allow measurement of the bottom surface resistance. The
tension surface resistance was measured by using A, and
D, as current contacts and B, and C, as voltage contacts.
The compression surface resistance was measured by using
A; and D, as current contacts and B; and C; as voltage
contacts.

The current contacts (A and D, 90 mm apart [11]) allow
the current to be injected from one surface, rather than
being injected uniformly throughout the cross-section of
the specimen. The voltage contacts (C and D, 60 mm apart
[11]) allow the voltage to be measured on the surface. Thus,
the surface resistance, as obtained by dividing the voltage
between the surface voltage contacts by the current injected
by the surface current contacts, is to be distinguished from
the volume resistance, which is ideally measured by using
current contacts that allow uniform current injection
throughout the cross-section. Due to the assumed unifor-
mity of the current density in the cross-section of the spec-
imen in the case of volume resistance measurement, the
volume resistance is simply related to the volume electrical
resistivity of the specimen. However, due to the non-uni-
formity in the current density in the case of surface resis-
tance measurement, the surface resistance is not simply
related to the volume resistivity.

The laminate consists of n laminae (n = 24 [11]) that are
labeled i, where i =1, 2, ..., n. Let the length and width of
the laminate be L and b, respectively. Let the thickness of
the ith lamina be #(i). These dimensions are parameters in
the model. The effect of topography may be treated by

the use of different dimensions for various parts of a com-
posite component.

The thickness #(i) increases with the number of fibers in
a tow used in the composite fabrication. It also increases
with the matrix volume fraction of the matrix in the com-
posite. The volume fraction of matrix is typically low
(around 40%) in a continuous carbon fiber polymer—matrix
structural composite, so it does not tend to vary signifi-
cantly. On the other hand, non-uniformity in the matrix
distribution may occur in a composite due to non-ideal
composite fabrication conditions. The non-uniformity
may be modeled by using different values of ¢ for various
laminae in the composite, or by using different values of ¢
for different regions of the same lamina. The effect of such
non-uniformity is not explicitly addressed in this paper.
The experimental results [11]used in this paper for compar-
ing with the modeling results were obtained on a commer-
cially made composite with good fiber distribution, and
hence little, if any, resin rich regions.

The electrical conduction of the composite in the fiber
direction is due to the electrical conduction of fibers. The
conduction in the through-thickness direction is due to
the fiber—fiber contacts across the interlaminar interface,
as well as the contacts between fibers within the same lam-
ina. The fiber—fiber contacts within a lamina are expected
to be more abundant than those across an interlaminar
interface, since the interface is a region, where the fibers
are not as densely packed [10].

Different polymer matrices are associated with different
extents of flow of the resin during composite fabrication.
Thus, a change in the polymer matrix can affect the extent
of fiber-fiber contact across the interlaminar interface,
thereby affecting the piezoresistive behavior of the compos-
ite. A change in the matrix volume fraction has similar
effects. The effects of the matrix type and of the matrix
volume fraction are not treated in this paper.

R(n)

Fig. 2. Equivalent electrical circuit used for calculating the surface
resistance. The surface is at the top of the diagram.
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In order to calculate the total change in resistance AR,
we use an equivalent electrical circuit to describe the beam,
as shown in Fig. 2. Ry (i), the longitudinal resistance of the
ith lamina, is associated with an element of length L. (the
distance between the two voltage contacts, B and C, as
shown in Fig. 1), thickness #(7/) and width b. Hence

_PL (i)Lc

Ry (i) ()b

(1)

where pp (i) is the volume electrical resistivity of lamina i in
the longitudinal (0°) direction. Different plies can have dif-
ferent values of py, due to the difference in fiber direction.
The fiber volume fraction of the composite will affect py (i),
in addition to affecting the extent of fiber—fiber contact
across the interlaminar interface.

Let Rr(i) be the through-thickness resistance associated
with half of the i th lamina. This means that the resistance
associated with each lamina is contributed by Ry (i) and
two of Rr(i), as shown in Fig. 2. As explained earlier,
R(i) is assumed to be dominated by the contact resistance
of the interlaminar interface between the ith and (i — 1)th
laminae. Let the contact resistivity of this interface be
pt1(i). Since the contact resistance of an area is equal to
the contact resistivity multiplied by the area

Reli) = 2p1(i)e(i)

Lb )

where p(i) is the through-thickness resistivity that reflects
the fiber—fiber contacts within a lamina and those across an
interlaminar interface.

The top surface resistance R(n), i.e., the resistance mea-
sured between the two terminals of resistor Ry (), as shown
in Fig. 2, is calculated by considering this surface resistance
to be Ry (n) in parallel with the sum of Rp(n — 1), Ry (n — 1)
and Ry(n — 1), which are in series, as shown in Fig. 2. In
general, the resistance R(i) between the two terminals of
Ry (i) is obtained by considering Ry (i) in parallel with the
sum of Rp(i — 1), Ry (i — 1) and Ry(i — 1). In other words

R(1) = R.(1), (3)
 QRe(i—1)+Ri—1)R() .

RO = i+ 2= )1 RG—1) U= b ()

and

R(n) (2Rr(n — 1)+ R(n — 1))Ry(n) (5)

TRL(n) +2R(n— D) +R(n— 1)

The composite is a commercially manufactured 24-lamina
quasi-isotropic [0/45/90/—45];, laminate of size 100 x 12 x
3.2 mm. For details on the composite constituents and
the measurement methods, please refer to Ref. [11]. The
measured surface resistance R(n) is 2.5257 Q [11]. The mea-
sured values of the electrical resistivity are 0.007 and
600 Q cm in the longitudinal and through-thickness direc-
tions, respectively [25]. Thus, the composite is highly aniso-
tropic, with the ratio of the two resistivities being 10°. Our
model assumes that the longitudinal resistivity of a lamina

in the 0° direction is py (1) =0.0076 Q cm, and that both
the longitudinal resistivity of a 45, 90 or —45° lamina
and the through-thickness resistivity are 650 Q cm. These
values are close to the measured values of the longitudinal
and through-thickness resistivity for this composite [11].
The transverse resistivity in the 90° direction is comparable
to the through-thickness resistivity, as shown in prior work
on a unidirectional composite [26]. The resistivity in the
+45° direction is actually lower than that in the 90° direc-
tion, but both are much higher than that in the 0° direction,
due to the need for the associated current to cross the poly-
mer matrix that separates adjacent fibers. Thus, in this
model, we assume that the longitudinal resistivity is simi-
larly high for the £45° and 90° laminae.

3. Modeling the piezoresistivity

In the electrical model of Fig. 2, there are the longitudi-
nal resistance and the through-thickness resistance. Upon
loading, both resistances can change. It is assumed that
the change in through-thickness resistance (primarily the
contact resistance between adjacent laminae) is responsible
for the piezoresistive effect under flexure. This assumption
is consistent with the experimental observation that: (i) the
through-thickness resistivity decreases upon longitudinal
uniaxial tension [9,11,12], (ii) the effect of longitudinal uni-
axial tension on the longitudinal volume resistivity is small
compared to that on the through-thickness resistivity [11],
and (iii) the contact resistivity of the interlaminar interface
decreases upon compression in the through-thickness direc-
tion [10].

From Eq. (2), the change of the through-thickness resis-
tance of the ith lamina is given by

ARr (i) = 72Apzf;'>f(") . (6)

The change of the through-thickness resistivity Apr(i) of
the ith lamina is assumed to be mainly due to the change
of the contact resistivity of the interlaminar interface be-
tween the ith and (i — 1)th laminae. In other words, the
change in through-thickness volume resistance within lam-
ina i is assumed to be small compared to the change in the
contact resistance between laminae i and i— 1. This
assumption is supported by the reported large effects of
stress, temperature and humidity on the contact resistivity
of the interface between two laminae [10]. An increase of
the through-thickness resistivity causes the current penetra-
tion to decrease, while a decrease of the through-thickness
resistivity causes the current penetration to increase.
Because the contact between adjacent laminae relates to
the fiber waviness, which diminishes as the lamina strains
in the fiber direction of the lamina, Ap(i) is related to
the longitudinal strain of the ith lamina. The more positive
is the longitudinal strain, the more positive is Apt(i), since
the contact among fibers of adjacent laminae is diminished.
The more negative is the longitudinal strain, the more neg-
ative is Apt(i), since the contact among fibers of adjacent
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laminae is increased. This notion is supported by the obser-
vation that the through-thickness resistance increases upon
uniaxial tension and decreases upon uniaxial compression
[11]. We assume that Ap(i) is proportional to the strain
of the ith lamina. Hence

Apr(i) = ce(i), (7)

where c¢ is the proportionality constant and &(i) is the lon-
gitudinal strain of the ith lamina, as averaged over the span
of the beam.

The proportionality constant ¢ can be determined from
the experimental results under flexure at the average mag-
nitude of 9.77 x 10~ for the surface longitudinal strain
amplitude (corresponding to a maximum surface longitudi-
nal strain of 1.56x107°, a maximum deflection of
0.521 mm and a maximum flexural stress of 86.1 MPa)
[11]. The fractional change in surface resistance is
0.0911% and 0.0635% for the tension and compression
sides, respectively. Substituting these values into Eqgs. (1),
(3)(7) yields ¢=9000Qcm for the tension side and
¢ =7000 Q cm for the compression side.

Under flexure, the distance between the neutral axis and
the tension surface is shorter than that between the neutral
axis and the compression surface, due to the fact that the
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Fig. 3. Comparison of the calculated and measured [11] curves for the
change in surface resistance during repeated bending at an amplitude of

1.80 x 1072 for the average longitudinal strain magnitude at the surface.
(a) The tension side. (b) The compression side.

compressive modulus is smaller than the tensile modulus.
This phenomenon results in the compressive strain at the
compressive surface to be larger than the tensile strain at
the tensile surface. Instead of considering this difference
in strain, this paper considers a difference in ¢ between
the tension and compression sides.

The use of experimental results at a particular value of
the strain to determine the proportionality constant c¢ is
akin to scaling the model to fit reality. Such scaling is lim-
ited to a single parameter, i.c., c.

4. Comparison of measured and calculated piezoresistive
behavior

The piezoresistivity under flexure is described by the
analytical model in Section 2. This section provides a com-
parison of the calculated and measured [11] piezoresistive
behavior, in order to test the effectiveness of the model.
For details of the experimental method, please refer to
Ref. [11].

Figs. 3-6 show the calculated and experimental results
of the fractional change in surface resistance both on the
tension side and on the compression side for progressively
increasing flexural stress amplitudes (i.e., progressively
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increasing maximum deflection). Excellent agreement was
obtained between the calculated and experimental results
for the regime of low stress amplitude (Figs. 3 and 4). How-
ever, at high stress amplitudes, the calculated values of the
fractional change in surface resistance on the tension side
are lower than the experimental values (Figs. 5a and 6a),
though agreement between the calculated and experimental
results remain good on the compression side (Figs. Sb and
6b). This behavior is attributed to minor damage on the
tension side, which makes the resistance on the tension side
increase much more. This damage is also accompanied by
the curves becoming nonlinear (Figs. 6a and b).

Fig. 7 shows the variation of the fractional change in
resistance with the maximum average strain (i.e., the aver-
age strain on the surface). As noted in relation to Figs. 3-6,
agreement between the calculated and experimental values
is good for both tension and compression surface resis-
tances, except for the regime of high stress amplitude
(i.e., the average longitudinal strain magnitude on the ten-
sion/compression surface exceeding 3 x 10~%). The higher is
the stress amplitude, the higher is the measured surface
resistance on the tension/compression side compared to
the corresponding calculated value, probably due to minor
damage. The difference between the measured and calcu-
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Fig. 6. Comparison of the calculated and measured [11] curves for the
change in surface resistance at an average longitudinal strain magnitude of
9.18 x 107 at the surface. (a) The tension side. (b) The compression side.

lated results is much larger for the tension side than the
compression side.

The plot in Fig. 7 is not meant to show the quantitative
relationship between resistance and strain. Rather, it is
meant to show that the two quantities indeed correlate with
one another, as expected, and more importantly, that the
experimental and calculated results are close when the
strain is relatively small. We could have used the midspan
deflection instead of the average strain on the surface for
the horizontal axis, but the latter is scientifically more
relevant, particularly since the surface resistance is the
quantity in the vertical axis.

The highest stress amplitude used in this work (that in
Fig. 6) is 996.2 MPa (corresponding to an average longitu-
dinal strain of 9.18 x 1072 at the tension surface and a max-
imum deflection of 4.945 mm) is below the value for failure
to occur (1045.1 MPa, corresponding to a maximum deflec-
tion of 5.194 mm). The loading in Fig. 6 causes no visible
damage [11]. However, minor damage in the form of minor
shear between the laminae at the tension surface may occur
in Fig. 6, thereby decreasing the current penetration on the
tension surface and increasing the surface resistance. This
shear between the laminae can be reversible, thereby allow-
ing this shear mechanism to contribute to the reversible
change in resistance. Due to geometric constraint, there is
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Fig. 7. Comparison of the calculated and measured [11] values of the
fractional change in surface resistance at different values of the magnitude
of the average longitudinal strain at the surface.

less tendency for such shear deformation to occur at the
compression surface. As a result, the difference between
the calculated and experimental results in the regime of
high strain is much less for the compression surface resis-
tance than the tension surface resistance.

The finding mentioned above means that, in the use of
the piezoresistive effect for strain sensing, the compressive
surface resistance is a better indicator than the tensile sur-
face resistance. It further means that, in strain sensing, the
strain should be limited to low values. The superiority of
the compressive surface resistance to the tensile surface
resistance is also indicated by the greater linearity of the
relationship of the measured resistance with strain, as
shown in Figs. 3-5.

5. Conclusion

An analytical model is provided for the piezoresistive
phenomenon of continuous carbon fiber polymer—matrix
composite under flexure. This phenomenon [11] entails
reversible increase of the tension surface resistance and

reversible decrease of the compression surface resistance
during flexure. The model considers the surface resistance
change to be due to change in the degree of current pene-
tration. The longitudinal strain resulting from the flexure
affects the through-thickness resistivity, which relates to
the contact resistivity of the interlaminar interface, thereby
affecting the current penetration. This notion is consistent
with the experimental observation that: (i) the through-
thickness resistivity decreases upon longitudinal uniaxial
tension [9,11,12], (ii) the effect of longitudinal uniaxial ten-
sion on the longitudinal volume resistivity is small com-
pared to that on the through-thickness resistivity [11],
and (iii) the contact resistivity of the interlaminar interface
decreases upon compression in the through-thickness direc-
tion [10]. Good agreement is found between the model and
prior experimental results [11], except that the calculated
surface resistance on the tension side is higher than the
measured value when the magnitude of the average longitu-
dinal strain on the surface exceeds 3 x 10,
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